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The Vlasov-Nordstrom system is a relativistic model for the descrip- 
tion of a self-gravitating collisionless gas. In this paper we show, us- 
ing a bootstrap argument, that classical small solutions of the Vlasov- 
Nordstrom system exist globally in time. 
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^ ■ 1 Introduction 

O 

■ The Vlasov-Nordstrom system serves for the description of galaxies and globu- 

, lar clusters under the influence of gravitation. If one neglects collisions between 

particles and uses the Nordstrom scalar theory of gravitation coupled to the 
Vlasov equation, one arrives at the so called Vlasov-Nordstrom system, which 
is more complicated than the non-relativistic Vlasov-Poisson system based on 
I Newtonian theory of gravitation and much easier than the Vlasov-Einstein 

' system of general relativity. 

Let us denote by f{t,x,p) the density function of the particles on phase 
space, where t > denotes time and x,p € position and momentum, 
respectively. If we denote the scalar field of gravitation by (j){t,x), the system 
reads 



(1) d'tcP -A,^=- I dp =: -f,{t, x) 



d„f = 4/50, 



VTTp^ 

2) Sf-\{S<P)p + {l+pY^/^d,^ 



where S := dt +p-dx is the free-transport operator and p := p/y^l+p^ is the 
relativistic velocity of a particle with momentum p. Integrals without domain 
of integration extend always over M^. In equations (1) and (2) we have chosen 
the units such that the mass of each particle, the gravitational constant and 
the speed of light are all equal to unity. 

For a more detailed discussion of the physical background of the involved 
quantities 4> and / as well as the differential geometric interpretation we refer 
to [1, 2, 4, 5]. 

We supply the system with the initial conditions 



(3) f{0,x,p) = r{x,p),^{0,x)=cl)'^{x),dt^{0,x)=cp'^{x), x,pG^^ 
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and we assume that they have the regularity 

(4) 0<r€Cl{R^), CgC73(m3), (^f^c!{R^). 

The subscript c indicates compact support of the functions under considera- 
tion. 

For the rest of the paper let us fix some R> 0. As space of initial conditions 
we use 

I := In := {(r , <l>^, m I r , ^i" as in (4), A- < 1, 

suppr"c5i^(o) cM^ 

supp0if,supp0i'^ C Br{Q) C M=^}, 

equipped with the norm 

A'° := ii(r,c><Ar)ii := iiriii,.o + iicii3,oo + wnkoo. 

Here we have denoted by Bji{0) the ball with radius R centered at the origin 
and by II • ||fc^oo the sum of the L°°-norms of the derivatives up to order k. 
The theorem on global existence of small solutions can now be stated: 

Theorem 1 There exists a6 = S{R) > such that for all {f", 0jf , ) G I 
with A™ < 6 the unique, classical solution of (1), (2) and (3) exists on [0, oo[, 
and for allt>0 and x G with \x\ < R + t we have 

\dt(f>{t, x)\, \d^(f){t, x)\<C{l + R + t + \x\)-^ {1 + R + t 
\d^^{t,x)\,\dtd,(f>{t,x)\,\dl(f>{t,x)\ 

<C{l + R + t + jxj)-^ {1 + R + t 

Mmoo<c{i+tr\ 

This theorem will be proved by a standard bootstrap argument in connec- 
tion with a continuation criterion, which has been proved in [4, 5]. 

By the continuation criterion, initial data as specified in (4) launch a unique 
classical solution on a maximal time interval [0, T^nax 

\. If furthermore 

SUp{|p| I {x,p) € SUpp/(i),0 < t < Tmax} < OO, 

then Tmax = oo. 

In the following, by solutions we always mean classical solutions in the 
sense of [4, 5]. 

Let us introduce some notations. By C we denote a constant, which may 
change from line to line, but which does not depend on the initial data. By 
(X(s, t, x,p), P(s, t, x,p)) we denote, as usual, the solution of the characteristic 
equations 

±x =p, ±p= -{scj>)p - (1 + p-'r^i-'dA, 

as as 

corresponding to (2) with initial conditions x{t) = x, p{t) = p. For the sum of 
the absolut values of the first or second derivatives of we write for short 

K{t,x) := \dt<j)it,x)\ + \d^<i){t,x)\. 
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L{t,x) := \d^^{t,x)\ + \dtd^<i){t,x)\ + \dlcPit,x)\. 
It is well known that / admits a representation as 

(5) f{t,x,p) := r(X(0,t,x,p),P(0,t,x,p))e4'^(*'-)-4'^j'"(^(0'*'-'^')). 

The compact support property of / in connection with the fact that \p\ < 1 
yields 

(6) f{t,x,-) = foT \x\>R + t. 

Prom Proposition 1 in [5] and elementary estimates of the solution (pQ of the 
homogeneous wave equation (cf. the proof of Lemma 4) we know 

(7) ||/(*)||oo < ||f"||ooe^(ll'^o"lli.-+ll'^ril-) < CA^n < C, 
where the last two inequalities are only valid for {P"^, 4>™, 0™) G I. 

2 Properties of Free-Streaming Solutions 

The small solutions we have in mind satisfy a special kind of decay condition, 
so we start with 

Definition 1 Let (/, </>) be a solution of (1 ), (2) on some time interval [0, T[, 
T > 0. We say that (/, 0) satisfies a free-streaming condition (FSC) with 
respect to r] > on [0, T[, if for all t G [0, T[ and aU x G with \x\ < R + t 
we have 

K{t, x) <r]{l + R + t+ \x\)-'^{l + R + t- Ixl)-/^, 
L{t,x) <r]{l + R + t + \x\)-^{l + R + t- \x\)-'^-'^, 

for some G]^, |[. 

We derive now some properties of free-streaming solutions with sufficiently 
small rj. 

Lemma 1 There exists an < rji < 1 such that the following holds: If (/, 0) 
is a solution of (1), (2) and (3) on some time interval [0,T[, T > 0, with 
(/™, 4>'i) G I that satisfies (FSC) with respect to rj < rji, then we have 

supp fit) C {{x,p) gM^ xM^||x| <R + Ct,\p\ <2R}, te [0,T[, 
where C := {2R){1 + (2i?)2)-V2. 

Proof: At first, let 77 > be arbitrary and (/, 0) be a solution of (1), (2) 
and (3) satisfying the assumptions of the lemma. Obviously, 

supp/(i) = {iX{t,0,x,p),P{t,0,x,p)) I {x,p) G supp/(0)}. 

Consider now an {x,p) G supp/(0) and define 

i := sup{t G [0, r[ I \P{s, 0, x,p)\ < 2R, s G [0, t]}. 
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Then we have t > and we get from the characteristic equations 

t 

\x{t,o,x,p)\<R+ [ l-PM^Y^I dx<R + Ct, te[o,i[, 

C as proposed in the lemma. From the characteristic equation for p we obtain 

t 

(8) \P{t,Q,x,p)\<R + C{l + 2R) J \K{s,X{s))\ds, Xis) := X{s,0, x,p), 



again for t € [0, i[. The free-streaming condition yields 

\K{s,X{s))\ < r?(l + s + + R + S- \X{s)\)-'^ 

< + s)-^{l + R + S-R- Csyf^ < Cri{l + s)'"^^ . 

Substituting this in (8) , we get by integration 

|P(t, 0, X, p) I < ii + C(l + 2R)ri, t G [0, i[. 

Now let r]i := R{2C{1 + 2R))-\ Then, \P{t,0,x,p)\ < |i? for t G [0,i[ and 
by the definition of t the claim follows. □ 

Lemma 2 There exists an rj2 > 0, ri2 < rji, such that the following holds: If 
(/, (j)) is a solution of (1), (2) and (3) on some time interval [0, T[, T > 0, with 
(/™, (P'q, (p'l) G X that satisfies (FSC) with respect to r] < rj2, then we have 

\X{0,t,x,pi)-X{0,t,x,p2)\>C\pi-p2\t, C = C{R) 

for {x,pi), {x,p2) G supp/(t) and t G [0,T[. 

Proof: Let (/, (p) be a solution of (1), (2) and (3) satisfying the assumptions 
of the lemma. Let for {x,p2) G supp/(t), t G [0, r[ 

xds) := X(s, t, X, Pi), Pi(s) := — ^ ' ' '^'^ :, < s < t,i = 1,2. 

^ ' ^ ' ^ ' ^i+p\s,t,x,piy - - ' 

After a short calculation, we obtain from the characteristic system 

Xi{s) =Pi{s), Xi{s) = J{s,Xi{s),pi{s)) 

with 

J{s,x,p) = -{l-p^) [dt(t){s,x)p + dx(i){s,x)] . 
Now we define for < s < i 

y{s) := xi{s) - X2{s) + {t - s){pi - P2) 

and obtain y{t) = 0, y{t) = 0, as well as 

\y{s)\ = \J{s,xi{s),pi{s)) - J{s,X2{s),p2{s))\ 



with 
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1 

/d 
— J{s,TXl{s) + (1 - T)x2{s),Pl{s))dT 



1 

/d 
— J{s,X2{s),Tpiis) + (1 - T)p2{s))dT 



1 

J [dxJ{s,TXi{s) + (1 - r)x2(s),pi(s))(xi(s) - X2is)) 



+ dpJ{s,X2{s),Tpi{s) + {1 - t)p2{s)){pi{s) -p2{s))]dT 
< Si{\y{s)\ + \t- s\\p,-p2\) + S2{\y{s)\ + \pi - P2\) 



Si= sup \d^J{s,TXi{s) + {1 -t)x2{s),Pi{s))\, 

0<r<l 

52= sup \dpJ{s,X2{s),Tpi{s) + (1 - t)p2{s))\. 

0<T<1 



Now we have 



\dp,J{s,x,p)\ < il + 3\pf)\dtcl)is,x)\ + 2\p\\d^(P{s,x)\ 

(9) <CK{s,x), 

\dcc^J{s,x,p)\ < \f - l\\p\\d:,^dt(t){s,x)\ + \f - l\\dx,,d^(j){s,x)\ 

(10) <CL{s,x). 

Let rj g]0, ?7i[ (771 from Lemma 1) be arbitrary. Because of {xi{s),pi{s)) G 
supp/(s) we have from Lemma 1, |a;i(s)| < R + Cs and \pi{s)\ < 2R, in 
particular 

|rxi(s) + (1 - T)x2is)\ <R + Cs, |rpi(s) + (1 - t)p2{s)\ < 2R, 
and the free-streaming condition finally yields 
Si < C sup L{s,TXi{s) + {1 — t)x2{s)) 

0<r<l 



< Cr?(l + s)-'^(l + R + S-R- Cs)-^-'^ < Cr]{l + s)''^^-^ 



and 



^2 < CK{s,X2{s)) < Cri{l + s+\x2{s)\)-'^{l + R + s-\x2{s)\y'^ 
< Cri{l + + R + S-R- Cs)-f^ < Cri{l + s)'^'^. 

Hence we have deduced for y(-) the following differential inequality 

\y{s)\ <Cr?(l + - X2{s)\ + Cr?(l + - P2{s)\ 

<Cr^{l + s)-^^-H\yis)\ + \t-s\\pi-p2\) 



6 



Stefan Friedrich 



+ C7?(l + s)-^^Ms)\ + |pi -P2\), Q<s<t, 

which, together with Lemma 5.4 in [13] imphes 

\y{s)\<\pi-p2\vle'^\t-s), 0<s<t. 

Here / = /(/?) is a constant. Choose now an r]2 G]0,r/i[ with ri2le^'^^ < \. 
Then we have 

|a;i(s) -X2{s) + {t- s){pi -P2)\ = \y{s)\ < ^\t - s\\pi -P2\ 
respectively 

(11) - S\\pi -P2\ < \X{s,t,X,pi) - X{s,t,X,P2)\. 

We calculate 

{1 - p'^)ek + PkP , _ P 



dpkP = — n i^T^TTj — ) because p = p{p) 



(1+^2)3/2 ..r> 

and therewith 



\Pi -Pi\ 



i 

/d 
—p{tpi + (1 - t)p2) dr 



< sup \dpp{Tpi + (1 - r)p2)||^i -P2\ < C\pi -P2\, 

0<T<1 



where we used again Lemma 1 at the last inequality. Substituting this in (11) 
proves the claim. □ 

Lemma 3 There exists a C > 0, such that the foUowing holds: If (/, (p) 
is a solution of (1), (2) and (3) on some time interval [0,T[, T > 0, with 
(/'", ^o", <p'i) G I that satisfies (FSC) with respect to rj < r)2, then we have 

\\d^fmoo<CA'\ te[0,T[. 

Proof: We differentiate (5) with respect to x and estimate, using (7) as 
follows: 

\d,,f{t,x,p)\ < CA'''{\d^X{0,t,x,p)\ + \d^P{0,t,x,p)\ + |a^<^(t,x)|). 
Prom Lemma 2 we know already that X{s) = J{s,X{s),P{s)). Hence, 

d,,X{s) = d,J{s,X{s),P{s))d^^X{s) + dpJ{s,X{s),P{s))d,,X{s). 

Now let x{s) := da,X{s) -I,0<s<t<T. Then we have x{t) = x{t) = 
and x{s) = dxX{s). Using the same arguments as in Lemma 2 and with the 
help of Lemma 1 we conclude after a short calculation 

\x{s)\ < C7r?(l + s)-^^-\\x{s)\ + 1) + Cr?(l + s)-^f^\x{s)\. 
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Again, we can apply Lemma 5.4 in [13] to obtain 

|x(s)|<C, thus \da;X{s,t,x,p)\ <C + 1. 

To estimate dxP{s) we calculate dx^P from the characteristic system and 
obtain with (9), (10) and the frcc-strcaming condition after a short calculation 

\d,,P{s)\<CL{s,Xis)) + CK{s,X{s))\dx,P{s)\ 

< cvil + sy^f"-' + Cvii + s)-^^\d,^Pis)\. 

Gronwall's inequality yields \dxP{s,t,x,p)\ <C. □ 



3 Estimates of the Derivatives of the Fields 

Before we are going to estimate the derivatives of the fields, we have to recall 
the corresponding representation formulas for the fields. 

Lemma 4 Let (f,^) be a solution of (1), (2) and (3) on some time interval 
[0, T[, T>0, with initial conditions ) G I. Then we have 

dt(l> = {dt(l>)D + {dt(l>)T + {dtct))s, 

with 

\x-y\=t 



+ 4^ / {^iiy)-d-<t>nyy{^-y))dSy 



1 



y 

\x-y\=t 

{2d,4>^{y)-{x -y)- {dl4>i-{y){x - - y)) dSy, 



\x-y\=t 

dy 



X — 



\x-y\<t 

dy 



:=- J J a'l'*{uj,p)f{t-\x-y\,y,p)dp 

\x-y\<t 

{dt<t>)s=- I j ht'^{u,p){{Sct>)f)l^^dp^^^ 

\x-y\<t 

- J J <^''i-^pyi9x4>f)L,dpj^^, 

\x-y\<t 

where the kernels satisfy the estimates 

\a'^'{uj,p)\<c{l+p'^), |6<^*(c^,p)| < cVl+P^ \c'^'{uj,p)\<c. 

Here to := — jfE^ and means that we evaluate the integrands at retarded 
time t — \x — y\ and at position y. For dxiCf) a similar formula holds. 
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Proof: Up to the term (dt4>)D the proof can be found in [4], Proposition 1. 
The second and third term in {dt4>)D correspond to the derivative of the so- 
lution ^0 of the homogeneous wave equation with initial data (j)™, ^™ given 

by 

\x-y\=t \x-y\=t 

The first term in {dt(f))D we have just copied from [4], Proposition 1. □ 

Lemma 5 Let {f,(p) he a solution of (1), (2) and (3) on some time interval 
[0, T[, r > 0, with initial conditions {f", 4>'f^, ) G I. Then we have 

dfcP = {dU)DD + id!4>)R + id!<P)TT + {dU)TS + idU)sS, 

with 

{dU)DD = dt{dt<i))D - ^ j j a'^* (a;, p)f p) dp dSy 

\x-y\=t 

-jj j bt>^{u,p)r{y,p){4^^{y)+p-d,4>^{y))dpdSy 

\x-y\=t 

^ ^ ^ c't'^iuj,p)-d,4-{y)r{y,p)dpdSy 




t 

\x-y\=t 

1 /■ f a't'*{uj,p)u-p 
+ J 1 + ^.^ / {y,P)dSydp 

\x-y\=t 
\x-y\=t 

+ \j j ^^^c'f'*{u;,p)-d,cl^i-{y)riy,p)dSyd^ 

\x—y\=t 

o-^'{^,p)^-p 



{dU)R = -j j "—^^^^dS^f{t,x,p)dp, 



1^1=1 

dy 



\x-y\<t 

mTS= I [t'(^,PKiSmretdPT-^ 



\x - 

\x-y\<t 

dy 



+ f fbt\u.,pyidAf)i^^dp-^^_^^^, 

\x-y\<t 

{dU)ss= j j ct\u,p){S{fSc^))l^^dp^^^ 



\x-y\<t 
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+ 

\x-y\<t 



where the kernels are smooth and hounded on any set dBi{0) x Br{0), r > 0. 
The integral with respect to y in (d^(f))TT is understood as a Cauchy principal 
value. The corresponding kernel a*^** satisGes 

J a'f'**{^,p)dS^ = 0, peR^ 
1^1=1 

The other second order derivatives of fulGl similar representation formulas 
with kernels having the same properties. 

Proof: The derivation of these formulas is standard, of. [4, 7]. Wc only 
elaborate on some points. We differentiate dt(l) with respect to t. The first 
three integrals in ((?|^)dd arise from the differentiation of {dt<p)T and {dt(p)s 
with respect to t in the domain of integration |a; — y| < t. Differentiation of 
{dt4>)T and {dt4>)s "under the integral" and the identity 

which holds for every h G C^{MJ), gives another three terms which we treat 
by integration by parts. For details we refer to [4]. The last three integrals 
in {d^4>)DD and {df(j))R emerge from this process; {df 6)B was forgotten in 
[4], Proposition 3. The properties of the kernels follow after a straightforward 
calculation, cf. [4], Proposition 3. □ 

Now we are able to estimate the derivatives of the fields. 

Proposition 1 For all Ci, C2 > there exists a C* > such that the follow- 
ing holds: If (/, (p) is a solution of (1 ), (2) on some time interval [0, T[, T > 0, 
with initial conditions 0™, 0]°) G I, which satisfies 

(i) sup{\p\ I {x,p) G supp/(t)} < Ci, 

(ii) meassupp/(i,x,-) < C2{l + t)~^, x£R^,te [0,T[, 

then we have for all t G [0, T[ and all x G with \x\ < R + t 

K{t,x) < C*{l + R + t + \x\)-^{l + R + t-\x\)-'^. 

Proof: We use the representation formula from Lemma 4 and estimate the 
appearing terms one by one. The estimates for dxi4> are completely analogous. 
Estimate for {dt(t>)D: We split up the sum in the second and third term in 
{dt4') D and denote the integrals by Ji, . . . , J5: {dt(f))D = A H \-h- We have 

I/2I < Ct-^ I XBa{0){y)dSy < Ct-^mm{R\t^} < C{l + t)-\ 

\x-y\=t 
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In the same way we obtain 

\h\<C{l + t)-\ |/i|,|/3|,|/5| <C(l + 0"'. 

For X G with \x\ < R + t we have 

(1 + <C{l + R + t+ \x\)-'^{l + R + t- 

Consider an x € with \x\ < t — R and \x — y\ = t. Then, t = \x — y\ < 
t — R+\y\ and thus \y\ > R, which imphes Ii = I3 = I5 = for \x\ < t — R. 
Furthermore, for t — R < \x\ <t + Rwe have 

{l + R + t+\x\)-\l + R + t-\x\)-^ > C{l + t)-\ 
which imphes 

\idt(^)D\ < C{l + R + t+\x\)-\l + R + t-\x\)-\ 
Estimate for {dt(p)T: Let us define 



x(t,A) := 



1, X<R + T 
0, X> R + T 



Because of (i), (ii), (7) and f{t — |a; — y\,y, •) = for |y| > R + t — \x — y\ 
(cf. (6)) we have 



\idt4>)Tit,x)\ 



dy 



ret 1 y 1 2 

\x-y\<t \p\<Ci 
<C J il + t-\x-y\)-^x{t-\x-y\,\y\) 



dy 



\x-y\ 



2 



\x~y\<t 

(12) <C I {l + R + t-\x-y\ + \y\)-^xit-\x-yl\y\)j^^^, 

\x-y\<t 

where we have used in the last inequality the relation 

{l + t-\x- y\r^ <C{l + R + t-\x-y\ + |y|)-^ 

which holds for \y\ < R + t — \x — y\. In the proof of Lemma 5.9 in [13] (12) 
has been estimated. This result yields 

\{dt(l))T{t,x)\ < C{l + R + t+\x\)-\l + R + t-\x\)-\ 

Estimate for {dt^)s: Again, using the same arguments as for {dt(f))T we get 

m'P)s\< c I I ismi^^dpj^^ 

\x-y\<t \p\<Ci 
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dy 



\x-y\<t 

< C j , ...., K{t-\x-y\,y) 



xit - \x - y\,\y\) 1^ \ \ dy 

(1 + 

\x-y\<t 



+ R + t-\x-y\ + \y\f 



Combining the preceding estimates as well as the same estimates that hold for 

dxi(t), we get 



K{t, x) <C{l + R + t + \x\)-^{l + R + t- 

+ C I , /"\^'"\'.r: ^.,., K{t-\x-y\,y) 



- l-^; - y|, |y|) I™ \ \ dy 

;i + 

\x~y\<t 



+ R + t - \x - y\ + \y\)^ ' \x — yy 

and Lemma 11 in [10] proves the claim. □ 



Proposition 2 For all Ci,C2,Cs > there exists a C** > such that the 
following holds: If {f,(p) is a solution of (1), (2) on some time interval [0,T[, 
T > 0, with initial conditions (/™, 0q", € I, which satisfies 

(i) sup{\p\ I {x,p) e supp/(t)} < Ci, 

(ii) mcassupp f{t,x,-) < 02(1 + t)~^, x & ,t £ [Q,T[, 
(Hi) ||a,/(t)l|oo<C3, 

then we have for aU t G [0, T[ and all x G with \x\< R + t 

L{t, x) < C**(l + R + t+ \x\)-\l + R + t- \x\)-'^/^. 

Proof: We begin the proof with the estimate of dfcj). The estimates for 
the other second order derivatives follow straightforward from representation 
formulas similar to those of Lemma 5. 

Estimate for {df(p)D£): By a lengthy, but straightforward calculation and the 
same methods as in the proof of Proposition 1 one gets for t G [0, r[ and 
xeR^ with \x\<R + t 

\id!(l>)DD\ <Cil + R + t+ \x\)-\l + R + t- 

Estimate for {d'f(j))R- Using assumption (i) and (ii) together with (7) we get 

\{d!cl>)R\<C J fit,x,p)dp<C{l + tr^ 

\p\<Ci 

<C{l + R + t+ \x\y^{l + R + t- |a;|)-'^/^, 
for t e [0, T[ and xeR^ with \x\<R + t. 

Estimate for {df(l))TS' We use Proposition 1 and the assumptions to obtain 

wa2j^\ f {'^ + R + t-\x-y\ + \y\)-^ . ^ ^ dy 
\{ot(t))Ts\<C / — — — ■ ^ x{t - \x - y\,\y\) 



{l+t-\x-y\f ' 

\x-y\<t 
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This is exactly the same term as in the proof of Lemma 5.10 in [13]. There it 
has been estimated by 

c{i + R + 1 + ixiy^ii + R + 1 - ixi)-^/"^. 

Estimate for {df(f))TT: {d'f4>)TT has the same structure as Ef^TT in [13], and 
hence can be estimated (with the help of (iii)) as 

\idfcP)TT\ <C{l + R + t+ \x\)-\l + R + t- 

for t G [0, T[ and x G with |x| < i? + 1. 
Estimate for {df(p)ss- Assumption (i) furnishes 



{d^4>)ss{t,x)= J I ct'{u;,p)S{fScl,)\ 
\x-y\<t \p\<Ci 



ret*' 



dy 



x-y\ 
dy 



+ 11 cti^,pysifd^ci>)i^^dp-^^_^^ 



h + h. 



\x-y\<t H<Ci 



In the following we treat only /i, I2 being similar. With the Vlasov equation 
in the form 

Sf = divp [[{S(t))p + (1 +p2)-i/2g^^j + fS(t> 
and the product rule we obtain 

(13) S{fS^) = divp ( \{Sct>)p + (1 + p2)-V25^ J /) 50 + / {{S4>f + 5^0) , 



and a similar expression for S{fdx(p)- By substitution and integration by parts 
we obtain 



^i=- / / dp{ct\u;,p)Scj))[{Scj))p+il+pY'/^d,cj)\fl^ 



dp ■ 



dy 



\x-y\<t \p\<Ci 



F - y\ 



+ 



/ ct*{u;,p)f{{S4>f + S^<j>) dp 

J ret 



dy 



N-2/|<t \p\<Ci 



x-y\ 



=-Iii + h2- 



With \dp{ci{u,p)S(l))\ < C K{t,x) in mind we obtain by the same arguments 
as above 



lliil <C 



X(i -\x-y\, \y\){l + t-\x- y\y 



dy 



{l + R + t-\x-y\ + \y\y{l + R + t-\x-y\- \y\y \x - y\ 



\x — y\<t 

Again, in the proof of Lemma 5.10 in [13], this term has been estimated by 
C{l + R + t + \x\)-\l + R + t- 

Obviously, 

\iScP)\t,x)\ < CKit,xf, \iS^m,^)\ < CL{t,x), 
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and hence 

X{t-\x-y\,\y\){l+t-\x-y\)-^ dy 



IA2I < c J ^ 



+ R + t — \x - y\ + \y\)'^{l + R + t — \x — y\ - \y\)'^ \x - y\ 

x-y\<t 



, ^ f X{t-\x-y\,\y\) . dy 

J {l + R + t-\x-y\ + \y\f '--etlx-yl 

\x-y\<t 

< C{l + R + t+\x\)-\l + R + t-\x\)-'^^'^ 

, ^ f x{t - \x - y\,\y\) ^1 dy 

J {l + R + t-\x -y\ + \y\)^ 

\x-y\<t 



Combining the previous estimates and applying [10], Lemma 11 completes the 
proof. □ 



4 Continuous Dependence on Initial Data and Proof of 
the Main Theorem 

Besides the continuation criterion, a necessary ingredient in the proof of The- 
orem 1 is continuous dependence on the initial data of a solution of (1), (2), 
which will be proved now. 

Proposition 3 For all e > 0,T > there exists a 6 > such that for all 
(/^■", (/>(f , (/>f ) G J the following holds: If A^" < S, then the solution of (1), (2) 
and (3) exists on [0,T], and \\K{t)\\oo + \\L{t)\\oo <£,te [0,T]. 

Proof: Let £, T > be given. Choose a S > with 

X • fi ^ 1 £ 1 

d < mm < 1 



2Ci' 2Ci(l +r)2' 2C2' 2C2 J ' 

Ci,C2 > defined as below. Consider a G I with A"^ < S. 

Because of Theorem 1 in [4] the solution exists on some maximal time interval 
[0,Tmaxl Define 

T* :=sup{i G [0,T„„^[|||i^(s)||oo < (1 + s)-^, s G [0, t]}. 

Now we estimate the quantity 'P{t) := sup{|p| | {x,p) G supp/(s),0 < s < t} 
from Lemma 3 in [4] as follows 

t 

V{t)<l + R + J{l + sy'^{l + V{s))ds, te[0,T*[, 


and Gronwall's inequality implies 



(14) 



V{T*) < (1 + R)e = C. 



14 



Stefan Friedrich 



Using (7) and (14) we go through the proof of Lemma 5 in [4] and obtain the 
better result 



\Kit)\\^<C{l+t) 



, ds 



, t<T* 



Again, using Gronwall's inequahty we get 

1 1^^(01 loo <CiAi°, t<T*. 
Prom the definitions of S and T* we conclude 

\\K{t)\\oc < 1/2(1 0<i <min{r,r*}, 
and thus T < T* < 

Tmaxj i- 6. the solution exists at least on [0,T] and 

||i^(i)||oo < I there. 

We now estimate ||L(f)||oo- Prom Lemma 4 we have 

dfcp = dt{dt4>)D + dt{dt4>)T + dt{dt(t>)s, 

and as in the proofs of Propositions 1 and 2 we get \dt{dt(t>)D\ < CA'"^. dt{dt(t))T 
and dt{dt(p)s will be estimated as follows: 



\dtidtcj>)T\<CA"^ + C I ^nv\dtf{t-\x-y\,y,p)\ 



dy 



\x~y\<t 
t 



\x - 



< CA"' + C 



and \dt{dt(f))s\ < \h\ + {hi with 



III < CA'^' + C 



CA^^ + c/ / sup\dtf{t-s,x + ^,p)\dS^ 

\^\=s 
t 

'/ mi 



ds 



ls)||oo ds 



\dtS<t>\fl^,dp- 



dy 



\x-y\<t 



x-y\ 



+ C 



dy 



\x-y\<t 



<CA- + CA-y" \\L{s)\Uds + C j \\dtf{s)\\^ds, 



and an analogous expression for \l2\. Similar estimates hold for the other 
second order derivatives. Altogether we have 

t t 

(15) ||L(t)||oo<CA- + C J \\dtf{s)\\ds + C/!^'- 1 \\L{s)\\^ds. 
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Now we express dtf by the Vlasov equation, dtf = —p-dxf + F-dpf + 4,fS4', 
substitute / by (5) and estimate: 

\dtf\ < C^^ [\Scj>\ + \d,cj>\ + \d,X\ + \d,P\ + \F\i\dpX\ + \dpP\)] . 

If we define 

T** :=sup{te[0,T[\\\L{s)\\^<l,se[0,t]}, 

then for t G [0,r**[ Lemma 4 in [4] implies |V(a;,p)(X, P)| < C, hence 

\dtf\<CA''', te[0,T**[. 

Prom the last inequality and (15) we conclude 

t 

\\L{t)\\oo<C^'' + C^'' J ||L(s)||oods<C2A'^ te[0,T**[. 



By the definition of 6 and T** we obtain T** = T and the estimate for | \L{t) \ |oo 
as stated in the proposition. □ 

We are now able to give the proof of Theorem 1. 

Proof of Theorem 1 : Fix an < r/ < 1 such that the lemmas of Section 2 
hold. Consider a solution of (1), (2) and (3) on some time interval [0, a], a > 0, 
which satisfies (FSC) with respect to r] on [0, a[. Because of Lemma 1 condition 
(i) in Propositions 1 and 2 is satisfied on [0, a[. Let {x,pi), {x,p2) G supp/(t), 
t G [0, a[. Prom Lemmas 2 and 3 it follows that 

I I ^ \X{0,t,x,pi)-XiO,t,x,p2)\ ^ 
\P1-P2\S ^ < (^c , 

as well as \pi — P2 1 < 2Ci . Both together imply 

(16) meas supp f{t, x, ■) < C(l + 

i.e., condition (ii) in Propositions 1 and 2 is fulfilled. Lemma 3 entails condition 
(iii) in Proposition 2 and we get for t G [0,a[ and x G with |x| < R + t 

(17) K{t,x) < C\{l + R + t+\x\)-\l + R + t-\x\)-\ 

(18) L{t, x) <Ci{l + R + t + \x\)-^{l + R + t- Ixl)-'^/^, 

Ci := max{C*, C**}. Because of 1/2 < /3 < 3/4 there exists a T > such 
that we have for t >T and x G with |x| < R + t 

Ci{l + R + t+\x\)-\l + R + t-\x\)-'^ 



< ^r?(l + R + t+ |x|)-^(l + R + t- \x\)-f^, 



Ci{l + R + t + \x\)-\l + R + t 



\xi 



-1 
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< -r]{l + R + t + |x|)-^(l + R + t- 

Now let a:=f and e := 2(1 + 2i? + 2f Then, by Proposition 3 there 

exists a 5 > such that for ah (/)f) G 1 with A^'^ < 5 the solution 

exists on [0, T] and ||i^(t)||oo + l|-^^(i)||oo < e, i S [0,T]. By our assumptions 
on £ (FSC) with respect to rj is satisfied on [0, T]. Define 

T* := sup{t G [f , r^aa;[ I On [0, t] (FSC) with resp. to rj is satisfied}. 

For t G [f ,T*[ and a; G with |x| < i? + 1 we get 

i^(t, x) < 1/2??(1 + i? + t + |x|)-'^(l + R + t- \x\)-f^, 
L{t, x) < l/2r}{l + R + t+ |x|)-^(l + R + t- |a;|)-^-^ 

From the definition of T* we obtain T* — Tmax- 

Lemma 1 and Proposition 2 
in [5] imply T„iax = oo- The estimates mentioned in the theorem follow from 
(16), (17) and (18). □ 
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